1* Notation and preliminaries* We consider only commutative rings with 1^0 and adopt the convention that local and semilocal rings need not be noetherian. Given a finitely generated ideal (or module) X, we denote by v(X) the greatest integer n such that X has no basis of fewer than n elements; a basis of cardinality v(X) will be called a minimal basis. We denote the following elementary fact as Lemma
A: Every basis of a module over a local ring contains a minimal basis.
Recall that a regular sequence in a ring R is a finite sequence (x u , x n ) of elements of R such that Rx x + + Rx n Φ R and #< is not a divisor of zero on RjRx λ + + Rx^ (1 ^ i ^ n) . If the ideal X is generated by the members of such a sequence, then v(X) -n, for it is an easy exercise to check that X/X 2 is a free (iϋ/X)-module of rank n. We shall have need of another elementary fact which we shall denote by Lemma B: If an ideal of noetherian local ring is generated by a regular sequence, then any permutation of a minimal basis of the ideal is a regular sequence. (A good account of all the elementary facts we need can be found, for example, in Kaplansky's book [2] ; specifically, Lemma A is contained in Theorem 158, Lemma B in Theorem 129, and § 3-1 deals with regular sequences.) We shall be concerned with results of the type (Lichtenbaum and Schlessinger [3, 3.3.4] Corollary 2 is well known; its geometric content is: if p is a simple point of a subvariety W of a variety F, then "locally at p" W "looks" like the intersection of V with a linear space.
Proofs. The corollaries follow immediately from the theorem; the first by Lemma B, and the second by the well known fact that the maximal ideal of a regular local ring is generated by a regular sequence. To prove the theorem notice that by the hypothesis and Lemma A, / has a minimal basis {x i9 •• , x n , y 19 , y m }, where the y's lie in J and x's form a regular sequence mod J. By passing to R/Ry λ + + Ry mJ we may assume that v(I) = v(I/J) and must prove that J = 0. We proceed by induction on n. For n = 1, since x ι is not a divisor of zero mod J, J -Jx λ , whence J -0 by Nakayama's Lemma. For n > 1, an application of the case n = 1 to the ring RjRx ι + + Rxn-ί shows that the canonical image of J is 0; that is, Rx 1 + + Rx n -i ^ J, whence J = 0 by the induction hypothesis. (4) There exists an ideal N such that S (g) R/N is split exact. Generalization of the theorem beyond the realm of ideals generated by regular sequences is probably best studied through (4); that is, one could look for classes of pairs A D B for which reasonable candidates for N would present themselves. In general (3) is probably not likely to be an improvement over (2) since one cannot reasonably expect the freeness of A/B&R/N for many N'a. 3* On extending the results of § 2* Graded rings. We consider only graded rings R such that R o is a field and R t = 0 for i < 0. As a rule theorems about local rings translate into theorems in the graded situation, and that is true of the results of § 2. The translations are accomplished via the graded versions of Lemmas A and B which are valid for homogeneous ideals and bases even without the noetherian hypothesis in Lemma B. The proof of the theorem works in the graded case without any assumption other than that / and J be homogeneous ideals; and it follows that the Lichtenbaum-Schlessinger result holds for homogeneous ideals in graded rings. The translation of Corollary 2 requires that R = R[R X ] and that R x be of finite i2 0 -dimension (i.e., R is the quotient of a polynomial ring by a homogeneous ideal); whence: If J is a homogeneous ideal such that R/J is isomorphic (as an abstract ring) to a polynomial ring, then J is generated by a subspace of R lm Local rings. Our theorem is valid for arbitrary local rings provided that J is finitely generated, for that is the extent to which the proof requires "noetherian". That some vestige of "noetherian" must remain is clear-consider any valuation ring of Krull dimension greater than 1. Remark 2 is clearly valid for arbitrary local rings. Concerning Remark 3, observe that "0 -> J/IJ-+I/P -> I/J + J 2 -> 0 is split exact" is a formal consequence of the vanishing of the appropriate "Koszul Semilocal rings. An easy application of the Chinese Remainder Theorem shows that for semilocal R,v(X) = ma,x{v(X®R M }, where M runs over the maximal ideals of R. With this fact and the local version of the theorem one readily proves that our theorem holds for arbitrary semilocal rings provided that J is a radical ideal (i. e., contained in every maximal ideal). Then because Lemma B holds for radical ideals in noetherian rings, it follows that the LichtenbaumSchlessinger result is valid for radical ideals in noetherian semilocal rings.
